Introduction
Enochs and his coauthors introduced Gorenstein projective and injective modules and developed relative homological algebra. Later, many scholars further studied the classes and introduced some new classes of modules that are analogous to those of Gorenstein projective and injective modules. For example, Bennis and Mahdou [1] defined strongly Gorenstein projective and injective modules, and Ding et al. [3] defined strongly Gorenstein flat modules. A module M is called strongly Gorenstein flat if there is a Hom(−, F)-exact exact sequence · · · → P 1 → P 0 → P 0 → P 1 → · · · with every P i , P i ∈ P such that M = ker(P 0 → P 0 ), where P is the class of projective modules and F is the class of flat modules. In view of the contributions of Ding, Gillespie [5] called strongly Gorenstein flat modules Ding projective. In this paper, we introduce and study the classes of (X , In Section 2, we investigate how (P, Y )-Gorenstein projective modules behave in short exact sequences and introduce n -(X , Y )-Gorenstein projective and injective modules.
In Section 3, we mainly discuss the relations among (X , Y )-Gorenstein projective modules, 1 -(X , Y )-Gorenstein projective modules, and n-(X , Y )-Gorenstein projective modules. For example,
In Section 4, we are interested in the classes of (P, P )-Gorenstein projective modules, (P, F )-Gorenstein * Correspondence: pqxjs98@njau.edu.cn projective modules, (F, P )-Gorenstein projective modules, and (F, F )-Gorenstein projective modules. We find
Throughout this paper, R is an associative ring with identity. By an R -module, we shall mean a unitary left R -module, R M denoting the category of left R -modules. P , I , and F denote the classes of projective, injective, and flat R -modules, respectively. f d(M ) stands for the flat dimensions of an R -module M , and wD(R) denotes the weak dimension of a ring R .
In what follows, X denotes a class of R -modules. A left X -resolution of M is an exact sequence
The class X is projectively resolving if P ⊆ X and for every short exact sequence 0 → X ′ → X → X ′′ → 0 with X ′′ ∈ X the conditions X ′ ∈ X and X ∈ X are equivalent. The class X is injectively resolving if I ⊆ X and for every short exact sequence 0 → X ′ → X → X ′′ → 0 with X ′ ∈ X the conditions X ∈ X and X ′′ ∈ X are equivalent.
The next horseshoe lemma is similar to that of [7, Lemma 6 .20]. 
If both
M ′ and M ′′ admit Hom(−, Y)-exact right X -resolutions, then so does M .
Definitions and notations
Definition 2.1 Let X and Y be 2 classes of R -modules such that
The classes of (X , Y) -Gorenstein projective and injective R -modules are denoted by (X , Y)-GP and
Proposition 2.4
Let M be an R -module. The following are equivalent:
3. There is an exact sequence
Using the exact sequence 
Definition 2.6 Let X and Y be 2 classes of R -modules such that
with every X i ∈ X .
Definition 2.7 Let X and Y be 2 classes of R -modules such that
The classes of n -(X , Y)-Gorenstein projective and injective R -modules are denoted by n-
From the definition, we immediately get the following characterization.
Proposition 2.8 An R -module M is n -(P, Y)-Gorenstein projective if and only if there is an exact sequence
0 → M → P n → · · · → P 1 → M → 0 with every P i projective and Ext 1 R (M, Y) = Ext 2 R (M, Y) = · · · = Ext n R (M, Y) = 0 .
Corollary 2.9 P ⊆ 1 -(P, Y)-GP .
Proof For any projective R -module P , Ext 1 R (P, Y) = 0 and there exists a short exact sequence 0 → P → P ⊕ P → P → 0; hence, P ∈ 1-(P, Y)-GP . 2
The main results
In this section, we discuss the relations among the classes of (X , Y )-Gorenstein projective modules, 1 -(X , Y )-Gorenstein projective modules, and n-(X , Y )-Gorenstein projective modules. First, from the definitions, we immediately get the following.
Proposition 3.1 An R -module M is n -(X , Y)-Gorenstein projective if and only if there is a Hom
with every X i ∈ X such that M = ker(X n → X n−1 ). 
Corollary 3.2 n -(X , Y)-GP ⊆ (X , Y)-GP , and thus
with each X i ∈ X such that M = ker(d 0 ). For all z ∈ Z , denote by X z the following exact sequence:
Consider their direct sum:
It is easy to see that a 1-Gorenstein projective R -module is n-Gorenstein projective. Interestingly, we may also construct a 1-Gorenstein projective R -module from an n-Gorenstein projective R -module.
Lemma 3.4 Let M ∈ n -(X , Y)-GP and K
i = ker(X i → X i−1 ) (X 0 = M ). 1. K i ∈ n -(X , Y)-GP (i = 1, 2, · · · , n).
If X is closed under finite direct sums, then
n ⨿ i=1 K i ∈ 1 -(X , Y)-GP . Proof Since M ∈ n -(X , Y)-GP , there is a Hom(−, Y) -exact exact sequence 0 → M → X n → · · · → X 1 → M → 0 with every X i ∈ X . Thus, we get 2 Hom(−, Y)-exact exact sequences, 0 → K i → X i → · · · → X 1 → X n → · · · → X i+1 → K i → 0 and 0 → n ⨿ i=1 K i → n ⨿ i=1 X i → n ⨿ i=1 K i → 0, where K n = M , as desired. 2
Theorem 3.5
The following are equivalent for any R -module M :
There is an exact sequence
→ M → 0 with every P i projective and
Proof (1) ⇒ (2) is obvious by Lemma 3.4(2).
(
by Proposition 2.4, and thus M ∈ n -(P, Y)-GP by Proposition 2.8. 2
Next we explore the relations between n -(X , Y )-Gorenstein projective modules and m -(X , Y )-Gorenstein projective modules, where m ̸ = n .
with every X i ∈ X . If m = nk , then assembling (⋆) with itself k times, we get the desired result.
with every P i projective. Let K nq = ker(P nq → P nq−1 ). Since M ∈ nq -(P, Y) -GP , there are projective R -modules P and Q such that M ⊕ P ∼ = K nq ⊕ Q by Schanuel's lemma [7, Exercise 3.37 ].
Consider the following pullback diagram:
Then X is projective.
Next, consider the following pullback diagram:
Then Y is projective. Combining this exact sequence (⋆⋆) with the first row in the above diagram, we get a
is the greatest common divisor of m and n.
We shall prove the converse inclusion.
If
again, and thus m-
Continuing the above process, there is a positive integer z with r z = (m, n)q z+1 such that m-(P, Y)-
Categories of interest
The (P, P)-Gorenstein projective R -modules are exactly Gorenstein projectives and the (P, F)-Gorenstein projective R -modules are exactly Ding projectives [5] . 
and thus the sequence 0 → Hom(
is flat as a direct summand of F n . Continuing the procedure, we get that M is flat.
2
Corollary 4.5
There is an exact sequence
Proof (1) ⇔ (2) is straightforward by Theorem 3.5; (2)⇒ (3) is trivial.
(3) ⇒ (2) Consider the following short exact sequences:
By Theorem 2.5, ker f i−1 and ker f i are in (P, F)-GP , and thus every F i ∈ (P, F) -GP . Hence, F i is projective by Proposition 4.3 (2) . 2
Recall that a ring R is right coherent if and only if every direct product of flat R -modules is flat, a ring R is left perfect if and only if every flat R -module is projective, and a ring R is right coherent and left perfect if and only if every direct product of projective R -modules is projective (see [7, pp. 113-114] ). Especially, the sequence 0 → Hom(L, P i ) → Hom(P, P i ) → Hom( ∏ P i , P i ) → 0 is exact, since every P i ∈ P . Thus, we get an exact sequence 0 → Hom(L, ∏ P i ) → Hom(P,
which shows that ∏ P i is projective as a direct summand of P , as desired. 2
Let FI denote the class of F P -injective R -modules [4, Definition 6.2.3]. We give the dual result of Proposition 4.6.
